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ON LOCAL UNIFORM EQUICONVERGENCE RATE FOR THE 

DIRAC OPERATOR 

VALI M. KURBANOV AND AFSANA M. ABDULLAYEVA 


Abstract. We consider one-dimensional Dirac operator with a sum- 
mable potential on the interval G = (0,27r). Componentwise uniform 
equiconvergence rate of spectral expansion for absolutely continuous 
function and trigonometric Fourier series is estimated on a compact. 


1. Introduction and statement of results 

In [2-3], Il’in developed a method for studying uniform equiconvergence of 
spectral expansions for differential operators. 

Il’in modified his method in [4] to establish a componentwise uniform equicon¬ 
vergence in case of Schrodinger operator with a matrix potential. Further, com¬ 
ponentwise equiconvergence for an arbitrary order differential operator was es¬ 
tablished in [5], while componentwise equiconvergence rate was studied in [6]. 

Componentwise uniform equiconvergence of spectral expansions for Dirac oper¬ 
ator was considered in [7], [8]. In [1], componentwise equiconvergence of spectral 
expansion in the metrics s > I, was studied in the compact and a sufficient 
condition providing equiconvergence in this metrics was found. 

In this work, we study componentwise uniform equiconvergence rate of spectral 
expansion for absolutely continuous vector function with respect to eigenvector 
functions of Dirac operator and trigonometric Fourier series expansion of this 
function. We establish estimates for uniform equiconvergence rate on any com¬ 
pact A C G = (0, 27r). 

Consider one-dimensional Dirac operator 

Dy = By' + P{x)y, y{x) = (yi(x), y 2 {x))^ , 

on the interval G = (0,27r), where R = ^ q ^ , P{x) = ^ ^ > P{x) 

and q{x) are real-valued functions from the class La{G), a > I. 

Following Il’in [2-4], by the eigenvector function of the operator D, correspond¬ 
ing to the real eigenvalue A, we mean any not identically zero vector function y{x) 
which is absolutely continuous on G = [0, 27r] and satisfies the equation Dy = \y 
almost everywhere in G. 
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Let Lp{G), p > 1, be a space of two-component vector functions f{x) = 


(/i(x), f 2 {x)) with the norm 


\f{x)fdx 


= supvrai \f{x)\ 
x&G 


Obviously, for /(x) G LpiG), g{x) G L'^iG), p ^ = 1, p>l, there exists 

a “scalar product” 

{f,9) = J {f{x),g{x))dx = J '^fj{x)gj{x)dx . 

G G 

Let {un{x)}^^^ be a complete orthonormal system of eigenvector functions of 
the operator D in L‘^{G) and {A„}^^, A„ G i?, be a corresponding system of 
eigenvalues. 

2 (^)) P > 1 we denote a space of absolutely continuous two-component 
vector functions f{x) on G with f'{x) G Lp{G). 

Introduce partial sum of spectral expansion of the vector function f{x) G 
Wi 2 {G) with respect to the system {un{x)}^^p. 

cruixJ) = {o-l{x,f),al{x,f))'^, ai{x,f)= ^ {f,Un) ui{x), j = 1,2; 

\\„\<u 

i^liix), ul{x))^ = Unix), fix) = iflix), f2ix))'^ . 

In addition to the partial sum aiix,f) we also introduce a modified partial 
sum of trigonometric Fourier series of the function fjix), i.e. 

S.U./y) = - 1 = 1 . 2 : 

TV J x-y 


Suix, f) = iSyix, fl), Syix, f 2 ))^ . 
Definition 1.1. If the difference ||(t^(-,/) — S^i-, fj)\ 


tends to zero as 


u —7- -|-oo on the compact K C G, then we say that the j—th component of spec¬ 
tral expansion of the vector function fix) with respect to the system {wn(2;)}^i 
uniformly equiconverges on the compact K C G with expansion into trigono¬ 
metric Fourier series corresponding to the j—th component fjix) of the vector 
function fix). 

The following theorems are the main results of this work. 

Theorem 1.1. Let fix) G Wi 2 iG), the eoefficients p(x) and g(x) belong to 
LaiG), a > 1. Then the j—th component of spectral expansion of the vector 
function fix) with respect to the system {«n(a^)}^i uniformly equiconverges on 
any compact K C G with expansion into trigonometric Fourier series correspond¬ 
ing to the j—th component fjix) of the vector function fix), and the estimate 




_ f O ^Inu) /or a G (1, oo), 

\ O In^ v) for a = oo, 


is true as v ^ -foo. 
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Theorem 1.2. Let the condition 


{Bun{x), f{x))\l^ = n = l,2,(1.2) 

he fulfilled for the vector function f{x) G Wp 2 {G), p > 1, and for the system 
and the coefficients p{x) and q{x) belong to La{G), a> 1. Then the 

estimation 


- Su{-,fj)\\c^K) 


(9 /or a g(1,oo), 

for 0 = 00 , 


(1.3) 


is true as v ^ +oo. 


2. Some auxiliary facts 

Lemma 2.1. ([9]). If the functions p{x) and q{x) belong to the class Li{G) and 
the points x — t,x,x + t lie on the domain G, then the following formulas are 
valid: 

Xzkt 

Un{x ± t) = {cos Xnt ■ I ^ sin Xnt ■ B) Un{x) ± J {sinA,i {t—\x — ^\)I+ 

X 

+sign{(,-x) cos Xn{t- \x - C\) B} P{f)un{f)df] (2.1) 

x-\-t 

Unix — t) + Unix — t) , , , 1 /" r . / , ^ 

- - - = Un{x) COS Xnt + - / {sin An (t - |x - ^|)/+ 

x—t 

+sign a - x) cos A„ (t - |x - ^|) B} P{fi)Un{fi)df, (2.2) 

where I is a unit operator in E'^. 


Lemma 2.2. Let the functions p{x) and q{x) belong to the class LfiG). Then 
there exist the constants Gi and G 2 such that the inequalities 


ll^"•lloo,2 — ^1) ^ ~ 1) 2, ..., (2-3) 

1 < C 2 , Vt G R. (2.4) 

are valid. 


The estimate (2.3) follows from Theorem 2 of [10], and the estimate (2.4) was 
proved in [11] (see Theorem 1.4 [11]). 

Denote 

R 

^ X f sin nt , , 

T^{r,R,u)= / —^ smA„(t - r)dr; 


R 

T{^{r,R,u) = j cos Xn{t - r)dr; 

r 
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where Rq/2 < R < Rq, 0 < r < ii, u > 0, n G A^, j = 1, 2; p G [1, oo], i?o is a 
sufficiently small positive number. 

The following estimates are valid for the integrals Tn{r, i?, u), j = 1,2. 


Lemma 2.3. The estimates 


\Tlir,R,u)\<C{l3)l 

' ” ' [ max{|lm 


u-|A„|| ^ for |u-|An||>l, 

max{|lnr|, |lni?|}, for \v — \\n\\ < I, 


(2.5) 




< CiRo) 


u - 


-1 


(l + ln|i/-|A„||) for |u-A„|>l, 


(2.7) 


1 for |u - |An|| < 1, 

are valid for the integrals Tn{r, R,i^), j = 1, 2; n G N, with any (3 G (0,1] where 
7 G (l,oo). 

Proof. The estimates (2.5) and (2.6) were proved in [1]. Let us prove (2.7). Fix 
the number Rq, 0 < Rq < ^ and consider the case i?o|u — |An|| > 2. Then 
|u — |An||~^ < Ro/2 < R. By the triangle inequality, we have 

Apply the estimate (2.5) to the first term on the right-hand side of this in¬ 
equality with |i/— |An|| > > 1, /? = 2 , and to the second term with (3 = 1. 

Then we obtain 

I . n /l^-IAnl'-' 


ll,[0,|i/-|A, 

= 0(|u-|A„ 


/ \l'-\\n 

-0=0 / I-- 

\ 0 


'2 r 2dr I = 


-1 


2j(^|u-|An|| 2 j _ O - |/vn|| ;, 

( f 

IG;!!’. A jfj —O J 

V-iAnir 

/ « 


U - 


-1 


r ^dr = 


= 0 \iy- 


-1 


r ^dr I = 


= 0{\v- 


-1' 


V-IAnll-l 

(lni?o + In |u - 

= o(^\u- |An|r^^ (1-Fln|i/- |A„||) . 

If 1 < |u — |An|| < then, applying inequality (2.5) with j3 = ^, we get 

ll^n(-,^,^)||l,[0,R] =0{W- lAnir^ Ro‘' = 

2 


= 0 \iy- 


w - 


1/2 


= 0 w- 


-1 
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For \v — |An|| < 1, the estimate (2.7) follows from (2.5) taking into account the 
integrability of the function |lnr| on [0, R], So we get the validity of (2.7). □ 

Lemma 2.4. If \Xn\ > 1 then the estimate 

l/nl < ^ ^ I [B*f\ I + ^ \{Pf, Un) \ , (2.8) 

|^n| \'^n\ \'^n\ 

is valid for the Fourier coefficients of the arbitrary vector function f{x) G Wi 2 iG) 
with respect to the system , where C{f) is a positive constant. 

Proof. From the equation Dun = XnUn for (un, f) we get 

277 277 

{Un,f) = j {Un{x),f{x))dx=^ j {DUn{x), f {x)) dx = 

0 0 
277 277 

= Y j {^'^'n{x),f{x))dx+Y j {P{x)Un{x),f{x))dx. 

0 0 

Integrating by parts, from the last relation we obtain 

27r 

{UnJ) = ^{BUnix),f{x))\l'^-^ [ (BUnix), f (x)) dx+ 

An An J 

0 


2it 

+ ^ j {P{x)Un{x),f{x))dx 
0 


Y (^hix)Un2{x) - f2ix)Unl{x)^ 


2tt 

0 


2n 2n 

[ {un{x),B*f{x))dx+^ [ {Un{x),P*{x)f{x))dx, 


Xr. 


(2.9) 


0 

0 - 1 


By (2.3), we have 


where 5* = ( , P*{x) = P{x), Unix) = {Unl{x),Un 2 ix)) 


(^flix)Un2ix) - /2(x)u„i(x)^ 


< 


< Cl (|/i(27r)| + |/i(0)| + |/2(27r)| + |/2(0)|) = C(/). 


Using this inequality, from (2.9) we get the estimate (2.8). 
proved. 


Lemma 2.4 is 
□ 


Corollary 2.1. If the vector function f{x) G Wi 2 iG) and the system {un{x)}Yi 
satisfy the condition (1.2), then the following estimate is valid for the coefficients 
fn = if,Un) with |An| > 1 : 

l/nl < \Xn\-^{\{B*f',Un)\ + \iPf,Un)\} . (2.10) 

In particular, (2.10) is valid for the Fourier coefficients fn of the vector function 
fix) G Wl 2 iG) satisfying the condition /(O) = /(27r) = 0. 
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Lemma 2.5. {«n(a;)}^i is a Riesz system, i.e. the Riesz inequality 

/ OO \ 1/9 

holds for every vector function f{x) G Lp{G), 1 < p < 2, where Mp > 0 is a 
constant independent of f{x), p~^ + q~^ = 1. 

The proof of Lemma 2.5 follows from the orthonormality and uniform bound¬ 
edness of the system {un(a;)}^i (see (2.3)) and from the Riesz theorem [13. p. 
154]. 


3. Proof of results 


Proof of theorem 1.1. Let f{x) be an arbitrary function from lTi^ 2 (^) 
p{x),q{x) G La{G). Fixing an arbitrary connected compact K C G, we choose 
the number Rq satisfying the condition 0 < 4i?o < vam{l, dist{K,dG)} . Let us 
introduce the following vector function: 

Su{x, f) = {Sy{x, /i), Sy{x, f 2 )J , 


where Su{x, fj), j = 1,2, is is defined by the formula 


Su{x,fj) = 


sini/(a: — y) 


IT 


\x-y\<R 


x-y 


fj{y)dy, J = l,2, 


xeK, Re[Ro/2,Ro], /(x) = (/i(x),/ 2 (x))^ . 

As the difference S,^{x, fj) — Su{x, fj) tends to zero uniformly with respect to 
X £ K with n —)■ +00 and is of order O (see [12]), it suffices to prove 

Theorem 1.1 for the partial sum Sy{x,f). 

As system {un{x)}'^^^ forms a basis for L|(G), every 

vector function f{x) G VFi 2 (^) represented in the form 

00 

f{x) = ^ fnUnix), fn = (/, «n) , 
n=l 

where the convergence of the series is to be understood in the norm of the space 
L2{G). Therefore, the partial sum Su{x,f) can be represented as 

SuixJ) = - V(/,Un 

TT ^' 

n=l Q 

Applying the mean value formula (2.2) and carrying out some calculations (see 
[1] for details), we get 

^ OO 

Su{x,f)-au{x,f) = -- ^ {f,Un)Un{x) + '^{f,Un)Un{x)I{u,Xn) + 


.n Ut Un{x — f) + Un{x + t) 
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1 “ f 

H— Un) / {Pix + r)un{x + r) + P{x - r)un{x - r)} x 

^n=l { 

^ OQ 

- , Un)y. 

TT 

n=l 

y. j {P{x + rjujx + r) - P{x - r)u„{x - r)} r,?(r, R, y)dr = 

0 

= ^lix, f) + ^2{x, f) + ^> 3 ( 2 :, /) + $ 4 ( 2 ;, /) , (3.1) 

where x G K, and the estimate 

\I{u,Xn)\<CiR) (l + |zv-|A„||)-i . (3.2) 

is valid for the factors I{u,\n) (see [2-3], [1]) 

Let us estimate the series <Lj(x, /), j = 1,4 in the metrics C{K). To estimate 
the series <hi(x,/), we use Lemma 2.2 and the estimate (2.8): 

ll‘^l(')/)llc(A') ~ 2 {f,Un)Un < 

|A„|=!y C(A') 

<Ci J] |(/,n„)| <CiC(/) J] |A„rV 

\\n.\=ld |A„|=!/ 


+Cl\\B*f\\,^, Y. |Anr'|l^n|L,2 + Cl||P/||i,2 J] |A„rM|u„|L_2 < 


l-^n I—^ 


I'^n I—^ 


I'^nl— 




I'^nl—^ 


\|A„|=i^ / 

< (CiC2C(/) + C2Cf \\B*f\Y + C2Cf IIP/111,2) < Ciif)i2-\ 

Consequently, the following estimate is true for the sum <Li(x, /) 

ll‘^i(->/)llcw=0(^^-') . (3.3) 

Let us estimate the series <l> 2 (x, /). To do so, we apply the inequalities (2.3), 
(3.2) and make use of the estimate (2.8) of Lemma 2.4. Then we have 

00 

ll^2(-,/)|lc(X) = - 


<c(p)Ci(/) E iAnr'(i + i^ 

|A„|>1 


^nll) ^ + 


+C2c(P)||/||i,2 E (l + l^-|An||)-'< 

|A„|<1 
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<c{R)c,{f){ Y. i^nr'(i + i 

||A„|-!/|<1, |A„|>1 


U- lAnll) V 


+ ^ + I 


U — 


-1 


+ 


I An I >1 


+ 


E 

\\^n\-l'\>y/2 

I An I >1 


|A.r^ (1 + IIAnI - u|)-^ } + CtC{R)u-^ ll/ll, 2 < 


<C{R)C,{f){ Y 1 -^- 1 “'+ E l^nYW- 

||A„|-1/|<1, |A„|>1 l<||A„|-i^|<!^/2,|A„|>l 


-1 , 

nil “T 


-1 


(l + |u- 


-1 




+ Y^ 

||A„|-n|>!//2,|A„|>l 

The first term inside curly braces has been already estimated above and is of 
order O The two remaining series, by virtue of inequality (2.4), can be 

estimated as follows: 

Y lAnP^ |u - |A„||“^ < ^ Y 


-ul-i < 


l<l|A„|-i^|<n/2,|A„|>l 

n [^/2] 


l<l|A„|-n|<i//2 


< - Y 

~ V ^ 


h-^ = n — 


k=l 


E d^E^-‘ = o 

,^fc<||A„|—n|<fc+l y k=l 

E ^ (1 + ll-^nl “ ^1) E ^ “ ^1 + ^) ^ + 

l|A„|-i^|>i^/2,|A„|>l 

+ Yj + 


- U 


|A„|>3i//2 


l<\\u\<v/2 

-'<(l + u/2)-i E 

l<|A„|<n/2 

In u\ 


-1 , 
nl “T 


+ E \\K\ - = o + o {uY = o ( 

|A„|>3n/2 V ^ / V 

Thus, the following estimate is true for the sum $ 2 ( 2 ^) /) 

II'I!2(-./)IIc(,()=o('^ 

Now let us estimate the series By virtue of (2.3) 

R 


A 


(3.4) 


1 ^ 3 ( 3 ;, /)| = - 

TT 


/ {P{x+ r)unix+ r)+ 
n=l i 


+ P{x — r)u(n(x — r)} T^{r, R, v)dr < 
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where Q(x, r) = \p{x + r)| + \p{x — r)| + \q{x — r)| + \q{x + r)| . 

Introduce the following integrals 

R R 

L^{x) = j |p(x±r)| |r^(r, ii, dr; M^{x) = j \q{x±r)\ \T^{r, R,u)\ dr. 

0 0 

By Holder’s inequality, we have 

11-^ \\c(K) — 11^*110 W'^n ^)|L',[ 0 ,R] ’ 

where l/Q; + l/a' = l. 

Using here lemma 2.3 (see estimations (2.6), (2.7)), we get 

||L±||^(^^<C(i?o)||pLx 

( - |An| /or |i/- |A„|| > 1, a G (l,oo), 

X < 1 for \u- |An|| < 1, (3.6) 

Ik- |Anir^ (Ink - \K\\ + 1) , for k - |An|| > 1, a = oo. 

Obviously, the same estimate holds for the integrals M^(x), i.e. 

||A/±||c„,) < C(Ro) llolU X 

1 for k - |An|| < 1, 

for k - |An|| > 1, a G (l,oo), . (3.7) 

W - l^nir^ (Ink - \K\\ + 1) for k - |A„|| > 1, a = oo. 

Let a G (l,oo). Then from the inequality (3.5) taking into account the esti¬ 
mates (3.6) and (3.7) we get 

R 


\m;f)\\c(K)<C^\if,Un)\ 


n=l 


< C{Ro) 


Qi-,r) \T^{r,R,R)\dr 

+ lkUx 


< 


C{K) 


\{f,Un)\+ Y l(/>^^)l 1^-l^^ll 7 (3-8) 

k-|A„||<i b-|A„||>i J 

As v > 2, the inequality |An| > 1 is true for Xn satisfying k — |An|| < 1- 
Therefore, Lemma 2.4 can be applied to estimate the first term inside curly 
braces. Then, 

\{f,Un)\<C{f) Y \KY + Ci\\B*fX^^ Y 1 -^- 1 “' + 

U-|A„||<1 |lx-|A„||<l |!X-|An||<l 


k-|A„||<l 

< C2 (c(/) + Cl ||H*/'||i,2 + Cl ||P/lk2) X 

X (r — 1)~^ = O {r~^) , V — )• +00 . (3-9) 

Let us divide the second term in curly braces on the right-hand side of (3.8) ) 
into two sums, the first of them corresponding to the case k “ l"^n| | > 1, |An| < 1, 
and the second one corresponding to the case k “ l-^n|| > 1, |An| > 1- 
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In the first case, we apply the inequality |(/,rt„)| < II/II 22 to the coefficients 
if,Un), and in the second case we apply lemma 2.4 and use the estimate (2.4). 
Then we obtain the following inequalities: 

i(/>'*^n)i iu- iA„ir^/“'< Yj i^- 11 / 112 , 2 + 
h-|A„||>l k-|A„||>l 


+ E {c'(/)+Cl ||s*/'|ii, 2 +Cl 11^/111,2} iAnr'iu-iA„irc+< 

h-|A„||>i 

|Anl>l 

< E ll/lb+ o(/) E iA»r'ii'-iA„ir‘'"'< 

|An|<l k-|A„||>l 

|A 7 t ,|>1 

<(..-!)-■/«' ii/iijJ 1) +C2(/) E iA„r'i-^-iA„ir'/“' + 

\|A„|<1 / l<h-|A„||<!^/2 

l-^n 1^1 

+C2(/) lA,,!-' |u - |AjrC“' < C 2 ||/||2,2 (1 - U-V++ 

I'A-|A„||>!^/2 

|A„|>1 

+2C2(/)u ^ |u—|A,i|| + 

l<\u-\\„\\<u/2 

| A „|>1 


+C2(/) 


|A„r^|u-|A, 


l<|A„|<i//2 


l/“ _|_ |_\^| l|jy_|^^ 

\Xn\>3u/2 



< 


< O + O + O In u) + O (^ 1 /-+“') = O (u'C"' In u) . 

Taking into account this estimate and the estimate (3.9), from (3.8) we obtain 
II^ 3 (-,/)|Ic(k) = C (u-C“'lnu) , i/^oo. (3.10) 

The series is estimated in the same way, and the estimate (3.10) is 

valid for it. Thus, the estimate (3.10) is valid for the series <l> 3 (x, /) and <l> 4 (x, /) 
when a G (1, 00 ). 

Consider the case a = 00 . Applying the estimates (3.6) and (3.7) for a = 00 
we get (see (3.8), (3.9)) 

II‘I>3(-,/)IIc(*-)<C’(Rj) (||/.|U + NU)| E l(/.>‘..)l + 

|!A—|A„||<1 

+ E l(/>iin)| |u - |An|rMn(l + |u - |A„||) > < 

+-|A„||>1 J 

< c(i?o) (IIpIL + Ikiloo) c (u- 1 ) + c(Ro) (IIpIL + Ikiloo) 

E \if^Un)\ { 12 - |An|rMn(l + |u - I Anil) . 

k-|A„||>l 


(3.11) 
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Let us prove that the second term on the right-hand side of (3.11) is of order 
O In^ —?• -|-oo. For this aim, we divide this sum into two sums, apply 

the inequality | {f,Un) \ < II/II22 ™ < 1; 1^ “ l^rill ^ 1 lemma 

2.4 in the case |A„| >1, \i' — |A,i|| > 1 : 

X] \if^^n)\ |z^ - |An|rMn(l |z/ - |An||) < 

L-|A„||>1 

< ^ |zv-|An|| Mn ( 1 -I-|l/ - |A„||) ||/||2_2 + 

|A„|<1 

k-|Anll>l 

+C'2(/) |An| ^|z^— |An|| ^ In (1 -|- |z^ — |An||) < 

L-|An||>l,|A„|>l 


< (i/-1) Mnjy||/||2 2 Y1 1 +C'2(/) Y1 (■) + 

\|!^-|A„||<1 / 1<L-|A„||<!//2 

+C2{f) Y 1 (•)<o(^)+2C2(/)z.-i |z.-|A. 

| Ati ,|>1 


In (1 + |zv — |Ari||) + C' 2 (/) ^ l-^nl ^|^~|^n|| ^ 111 (1 + 1^ ~ I An| I) + 

l<\Xn\<iy/2 


+ |An| ^|z/— |A„|| ^ In (1 -|- — |Ari 

\\„\>3u/2 


< 


fioi'Liq+o 




+ 01 !^ 


E i) + 

,1<|A„|<!//2 


+C'2(/) ^ In (1 -|- |z^ — |An| I) — O r ^ . 

\\Xn\-iy\>u/2 \ ^ J 

Consequently, the following estimate is true for the series ^■i{x,f) (as well as 
for the series <L 4 (a;, /)) when a = 00 (see (3.11)): 


m-j)\\ciK) = 


= o 


Im V 


, u —)■ -|-oo . 


(3.12) 


Now, taking into account the estimates (3.3), (3.4), (3.10) and (3.12) in (3.1), 
we get 

o(^a~^\Ti.v^ /or a G ( 1 , 00 ), 
0[h'~^ln^u^ for a = 00 , 

as z^ —7- 4-00 . Theorem 1.1 is completely proved. 

Proof of theorem 1.2. Let the vector function f{x) G LFp 2 (G'), p > 1 and 
the system {un(x)}^^ satisfy the condition (1.2), i.e.{Bun{x), f{x)) Iq’^ = 0. Let 
us estimate the difference Sy{x,f) — au{x,f), x £ K as 12 ^ -|-oo (see (3.1)). 


max 

xGK 


CTuixJ) - Sy{x,f) 
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The series /), i = 1,2 have already been estimated in the proof of theorem 
1.1, and the estimates (3.3) and (3.4), respectively, are true for them. It remains 
to estimate the series <h 3 (x, /) and ^a{x, f) under the conditions of theorem 1.2. 
Let a G (l,oo). Let us estimate the series <h 3 (x,/). By virtue of (3.8) and (3.9), 
to estimate <l> 3 (x, /) it suffices to estimate the series 

|(/,n„)| |u-|An|r'/“', - + A = (3.13) 

(y, (y 

k-|A„||>l,|A„|>l 

Let us show that the series (3.13) is of order O Due to Corollary 2.1 

(see (2.10)), for the series (3.13) we have 

^ \if,Un)\ |u - |A„|r^/" < 

k-|A„||>l,|A„|>l 

k-|A„||>l,|A„|>l 

+ \{Pf,Un)\\Xn\-^W-\Xn\\~^^"' < 

k-|A„||>l,|A„|>l 

< ^ l(iiv',^^n)| iA„r'iu-|A„ir'/“'+ 

l<\u-\\„\\<u/2 

|A7t,|>1 

+ \{B*f,Un)\\Xn\-^W-\Xn\\-^^^' + 

l<\\„\<u/2 

+ \iB*f',Un)\\Xn\-^W-\Xn\\-^^"'+ 

\\„\>3u/2 

+ |An| ^|u— |An|| + 

l<b-|A„||<i^/2 

I An I >1 

+ i(p/,n„)i iA„r'iu-|A„ir'/“' 

l<\\„\<u/2 

+ Y1 \{Pf,Un)\\Xn\-^W-\Xn\\-^^"' . (3.14) 

\Xn\>3i'/2 

As f'{x) G Lp{G), p > 1, we have B*f G Lp{G) C L‘^{G), where (3 = 
min{p, 2}. Therefore, we can apply the Riesz inequality to the function B* f 
(see Lemma 2.5). Thus, for /?' = — 1) we have 

/ OO \ l//5^ 

( E I 1^ J ^ ^ ll^*/1l/3,2 • (3-15) 

Applying Holder’s inequality and (3.15) to the first three sums on the right- 
hand side of the inequality (3.14), we obtain 

^ \{B*f,Un)\ \Xn\-^ W - \Xn\\-^^"' < 

l<b-|An||<i^/2 

Anl>l 
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l<k-|A„||<i^/2 

|A„|>1 




l<W-\K\\<i^/2 

|Arj,|>l 


\l<|i.-|A„||<i//2 


\ 1//3 

|-/3/«' I _ 


/IW2] 

O {ly-^) E 


/K2] 

) IE I E 111 = o E 

\fc=l \fc<|!/-|A„||<fc+l / / \fc=l 

r /or /3(1 — 1 /a) = 1 , 

= O I for fi{l — 1 /a) < 1 , 

I 1 for /3(1 - 1 /a) > 1 ; 

E \{B*f',Un)\ |A„ri|z.-|A„ir'/“'<M||B*/'||^, 2 X 

l<|A„|<i//2 

\l<|A„|<i^/2 / 

xf E aE =0 

\1<|A„|<!//2 / 

E |(i?v',«n)| iA„r'|z/-|Ajr'/“'<M||BV'||^,2x 

|A„|>3i//2 


E lA 

|A„|>3!x/2 




Consequently, the sum of the first three series on the right-hand side of (3.14) 
is of order O 

It can be similarly proved that the sum of the last three series in (3.14) is also 
of order O In this case, as /3 we need to take the number min {2, a} 

and take into account that the vector function Pf belongs to L‘^{G). 

Thus, ||<I >3 (•, f)\\c[K) ~ ^ as z/ —)■ + 00 . This estimate is also true for 

^4 (xj). 

Consequently, for a G (l,oo) we have the estimate 

a,y{-,f) - S,y{-,f) = O , u-^+oo. 

Now we consider the case a = oo and estimate the series <^3 (x, /) in the 
metrics C{K) (the series <^4 (x, /) is estimated in a similar way). For <^3 (x, /), 
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when a = oo, we already have the inequality (3.11). Therefore, it suffices to 
estimate the series 

X] \{f^Un)\\v - |An|rMn(l + \v - I Anil) . 
k-|A„||>l 

Let us prove that this series is of order O (u“^lnu). The sum of terms cor¬ 
responding to the eigenvalues An with |An| < 1 is of order O Inu) (see the 
proof of theorem 1.1 for a = oo). For |An| > 1 we apply Corollary 2.1 (see (2.10)). 
Then we have 

X] l(/>^n)| |u - |An|rMn(l|u - |An||) < 

|A„|>1 

^ \\ (1 + 1 ^ “ l-^nll) , 

- ^ |An||u-|Anll + 


|Anl>l 




E 

l<|!^-|A„||<iA/2, |A„|>1 




In {l + \v —\\r_ 

|An| |u - |An| 


+ ^ lAnllu-lAJI + 


l<\\u\<v/2 


, \\ 111 (1 + 1^ “ l^nll) , 

+ ^ |An||u-|AJI + 


|A„|>3!^/2 


\{Pf, Un)\ 


I<k-|A„||<!//2,|A„|>1 


In (1 -I- |u — |A^ 

|An| |u - |An| 


, \I-Df M 111 (1 + “ l-^nll) , 

+ ^ |An||u-|Anll + 


l<|A„|<i//2 


, \fTDf M 111 (1 + |l^ “ to ^a\ 

+ E KPl-"")! |A„||^.-|A„|| ■ 

|A„|>3i^/2 ' 

The vector functions B* f and Pf belong to the spaces Lp{G) and L^G), 
respectively, because f{x) G f^p, 2 (^)) P > 1; p{x), q{x) G Loo{G). There¬ 

fore, for the vector function B* f we can apply the Riesz inequality with 7 = 
max {2, g} , g = ) and for the vector function Pf we can apply Bessel’s in¬ 

equality, i.e. the Riesz inequality with 7 = 2 (see lemma 2.5). Then, by virtue of 
the Holder’s, Riesz inequalities and (2.4), from (3.16) we obtain • 

Iff M 111 (1 + “ Infill) ^ 

A- [■.-lA.II —- 

k-|A„||>l ' ' 

|An|>l 


(3.16) 
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( 


1 / 7 ' 


E 


In'^ {l + \v — 


H E 


In'*' {1 + \v — 


l<k-|A„||<!//2 

|Ari |>1 

1 / 7 ' 


w - 


+ 


( 

+M 2 ||P/|| 2,2 <1 


E 


l<W-\^n\\<l^/2 

|Anl>l 



+ 


M E 


In^ {l + \v - |An||) 


1/2 


l<\\„\<v/2 

21n(l + z/) 


<My||i?Y||,,2 


/K2] 



< 


+- 


21ni/ 


(e*^( E ')) 


1 / 7 ' 


+ E 


yk=[u/2] 


In^ (2 + k) 


E 1 

. fc<|!^-|A„||<A:+l 



+M 2 ||P/||2,2 < 


+ - 


2lnil + i2) ^ / 

^ [hi V 

'K2] , / 

Ep 

A:=l \ 


1/2 


E 1 

k<\u—\\n\\<k+l 


+ 


1/2 


I ln^(2 + A:) 

I ^ 

\k=W/2] 


E 1 

fc<|A„|<fc+l 


E 1 

. fc<|!/—|A„||<fc+l 



+ 




^ J 


Consequently, the estimate f)\\c{K) ~ ^ (y~^\-n.v) ,i = 3,4, u —)■ +00 

holds for a = 00 . Combining this with the estimates (3.3) and (3.4), from (3.1) 
we get 

Su{-,f) - (Tu{-J) = O {v~^hiv) , V + 00 . 

C(K) 

Theorem 1.2 is completely proved. 
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